We calculate the thermal noise in half-infinite mirrors containing a layer of arbitrary thickness and depth made of excessively lossy material but with the same elastic material properties as the substrate. For the special case of a thin lossy layer on the surface of the mirror, the excess noise scales as the ratio of the coating loss to the substrate loss and as the ratio of the coating thickness to the laser beam spot size. Assuming a silica substrate with a loss function of 3x10 -8 the coating loss must be less than 3x10 -5 for a 6 cm spot size and a 7 µm thick coating to avoid increasing the spectral density of displacement noise by more than 10%. A similar number is obtained for sapphire test masses.
Introduction
The second generation LIGO gravitational wave detector will require large core optics with low internal dissipation. The baseline design for LIGO II will use 30 kg sapphire mirrors; a fall back design would use silica mirrors. (1) A loss function less than 3.3x10 -9 has been measured at high frequencies in small samples of sapphire (2, 3) . Substrate loss functions for silica have been measured to be around or below 3x10 -8 in several different sample geometries (4, 5, 6, 7) . However, to achieve this low loss in a full size coated and suspended LIGO II mirror the attachments for the fused silica suspension and the multilayer mirror high reflector coating and the antireflection optical coating must not increase the displacement noise of the mirror in the frequency range of interest.
Until recently the approach used to calculate mirror thermal noise i nvolved a normal mode expansion of the mirror acoustic modes (8) . Direct approaches to the problem have been developed by Levin (9) , Nakagawa et al. (10, 11) , Bondu et al. (12) and Liu and Thorne (13) . Moreover, Levin has used this approach to point out that non-uniform loss in a mirror can lead to higher than otherwise expected thermal noise. (9) In this paper we use the general formalism developed in (10) and (11) to derive expressions for the phase noise imposed on a Gaussian light beam when it is reflected from a half-infinite lossless mirror with a lossy layer of arbitrary thickness placed at an arbitrary depth from the surface from which the light beam is reflected. To compute the noise for the case where the mirror has both loss and an extra layer with a different loss we take the incoherent sum of the noises from the uniform lossy mirror and the lossless mirror with a lossy layer. This procedure is legitimate for low-loss cases where the loss can be estimated accurately by up to linear terms in the loss functions. Finally, we discuss the experimentally important special case where the lossy layer is at the surface of the mirror and is thin compared to the spot size of the light beam.
Mathematical Formalism and Review
In our previous paper (11) we used the fluctuation dissipation theorem to compute the cross spectral density of the mirror surface displacements resulting from the off-resonance thermal noise in the test masses. The loss was parameterized through the imaginary part of the stiffness tensor c; the calculation was carried out in the quasi-static limit for isotropic and uniform loss in which case the fluctuation dissipation theorem can be expressed in terms of the static Green's function. As we showed in (11) the power spectral density of the phase noise imposed on a light beam of a field-amplitude radius w reflected from a lossy half-infinite mirror can be written
This result relates the spectral density of phase noise induced on a Gaussian beam by reflection from a mirror at temperature, T, to the static elastic properties of the mirror, the imaginary part of the elastic Green's function, and the laser beam spot size on the mirror.
It can be shown further that, under the usual single -loss-function assumption, the imaginary part of the elastic Green's function is proportional to the loss function and the static Green's function (cf. Appendix A). The essential input for these calculations is, therefore, the static Green's function for an isotropic half-space medium given in Ref. (14),
where φ is a loss function, σ the Poisson ratio, E the Young's modulus, and r ′ r and r ′ ′ r are surface points. The phase noise after a single bounce from a half-infinite mirror with uniform loss is obtained by substituting Eq. (2) for the imaginary part of the Green's function into Eq. (1) for the phase noise
which is in agreement with Levin's result (11) for the displacement noise as corrected by Liu (13) and noting that our expression is for the double sided spectral density and Levin's result is for a single sided spectral density. We will now investigate the case where a lossy slab is embedded in a lossless half infinite mirror, for which we need the Green's function for this more complicated problem.
Lossless half infinite mirror containing a lossy layer
To calculate the phase noise after a single bounce from a lossless mirror containing a slab with loss we start as before with the elastic Green's function. For a half-infinite mirror whose surface is at z = 0 and all of whose loss is confined to a layer between z 1 and z 2 , the imaginary part of the Green's function is derived in Appendix A,
where the function F is defined as
Substituting equation (4) for the imaginary part of the Green's function into equation (2) for the phase noise after a single bounce we find
The two surface integrals can be performed as shown in Appendix B; inserting these results into Eq. (6) we obtain
where in the second equation we use equation 3 for the thermal noise from a uniform half infinite mirror and where G is defined as
This integral is evaluated analytically in Appendix B,
The factor preceding the square brackets in Eq. (7) is the phase noise after a single bounce from a half infinite mirror with uniform loss φ layer . If we set z 1 = 0 and take the limit as z 2 becomes large, G approaches 1 and we re-derive Eq. (3) for a mirror with uniform loss. Figure 1 plots
grows monotonically with the layer thickness, and approaches 1 for z ≥ w . If we fix the layer thickness at z 2 − z 1 = d and then plot the phase noise as a function of the depth of the layer below the surface we find that the phase noise goes to zero as the layer is lowered into the mirror beyond a characteristic depth approximately equal to the light beam spot size. The result of evaluating Eq. (7) for several values of d = z 2 − z 1 as a function of z 1 / w is shown in Figure 2 .
Lossless half infinite mirror containing a thin lossy surface layer For the important practical case, which approximates a multilayer dielectric coating, as a thin lossy layer at the surface of the mirror, i.e.
analytically as shown in Appendix B to yield
Lossy Half infinite mirrors containing a thick lossy slab To evaluate the case of a half-infinite lossy mirror in which is embedded a lossy layer, we use linear superposition. As shown in Appendix A, the uniform-loss contribution can be given by Eq.
with substrate φ φ = , while the excess layer loss is given by Eq. (10) with φ layer → φ layer − φ substrate . Then by linearly superposing these two spectral densities we obtain the total phase noise imposed on the light beam.
For cases where the layer loss is much greater than that of the substrate this expression can be simplified to the following form
We will now examine the experimentally important case where the lossy layer is thin and at the surface on the half infinite substrate.
Lossy Half infinite mirrors containing a thin lossy surface layer
To evaluate the case of a half-infinite lossy mirror with a thin lossy surface layer or coating we compute the limit for z 1 = 0 and z 2 = d << w as we did above. The first case consists of a half infinite mirror with loss φ substrate uniformly distributed throughout, and the second case will be a half-infinite lossless mirror containing a layer of thickness d at the surface, in other words, a coating, with loss φ coating . With Eqs. 3 and 10 we find
where the 1/w 2 dependence of the term corresponding to the surface layer agrees with Levin's equation 20 in reference 9.
Comparison with Levin's Method
We have also calculated this expression using the method of Levin, and find the same result. Levin's method consists of calculating the response of the test mass to a cyclic pressure distribution applied to the test mass face, where the pressure distribution has a Gaussian profile of the same width as the beam. It can be shown (9) that for frequencies far below the lowest resonant frequency of the test mass, the (double -sided) power spectrum of excitations having the same Gaussian profile as the pressure distribution is
where F is the amplitude of the Gaussian pressure distribution, U is the mechanical energy of the resulting test-mass response, and ) ( f φ is the loss angle of the test-mass response. The mechanical energy may be shown to be (12, 13) wE
where E is the Young's modulus of the mirror material and σ is Poisson's ratio. The total loss angle ) ( f φ has contributions from loss in the substrate and loss in the coating. For a thin coating we can write (15) coating substrate
where U δ is the energy density at the surface integrated over the surface and d is the thickness of the coating. Using the solutions to the elastic equations presented by Bondu (12) (as corrected by Liu (13)) we have found
Combining these equations, we obtain
The phase shift induced by a displacement x of the mirror surface is kx 2 , where k is the wavenumber, so multiplying . The result is identical with Eq. 13.
LIGO II Coating Loss Requirements for Sapphire and Silica Substrates
The frequency range over which the thermal noise in the mirror coating is important for LIGO II is between 200 and 400 Hz. In this region the displacement noise in the silica substrates is dominated by thermal noise while in sapphire the displacement noise is dominated by thermoelastic noise. At 300 Hz the sapphire linear spectral density of thermo-elastic noise is between 1/2 and 1/3 the thermal noise in silica. Considering a silica substrate the requirement for LIGO II is that neither the attachments nor the optical coating increase the power spectral density of the thermal noise by more than 10%, which puts a limit on the coating loss of
Assuming a spot size, w = 6.0 cm , a coating thickness d = 7 µm , and using the material properties of fused silica with a Poisson ratio of σ = 0.16 and a loss function of φ sub = 3.3 × 10 −8 we find from Eq. 19
in order that the high reflectivity coating not increase the power spectral density of the thermal noise by more than 10 %. Preliminary measurements suggest that currently available coatings do not meet this requirement (5) . A number in the range of 10 −5 should also apply for sapphire. In both cases it should be borne in mind that we have neglected the differences in the elastic properties of the substrate and the film, an issue that will be addressed in a future paper. Preliminary calculations indicate that these corrections will not change the result by more than a few tens of percent.
Conclusion
We have calculated the thermal noise caused by the inclusion of a lossy layer in an otherwise lossless half infinite mirror. By taking a linear superposition of this noise source with that of a uniformly lossy half infinite mirror we have computed the thermal noise in a half-infinite lossy mirror containing a layer of excessively lossy material. The limit in which this lossy layer lies at the surface of the mirror and is much thinner than the laser spot size yields a simple analytical result, from which we can set an upper limit for the acceptable loss in the LIGO II mirror coatings 
where we assume the same loss function for all components of the stiffness tensor, a simplifying assumption for general cases. We next separate φ into a uniform loss φ and fluctuation ∆φ r 
For a localized loss, we set φ = 0 while ∆φ r 
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